PINH Li PIEM BAT PONG CHUNG CHO HAI ANH XA THOA MAN
PIEU KIEN (B) SUY RONG TRONG KHONG GIAN KIEU-METRIC

Common fixed-point theorems for two maps satisfying generalized condition (B) in metric space

Tém tit

Khong gian métric la mot khai niém quan
trong trong Gidi tich toan hoc va da co nhiéu sw
ma rong, trong doé khong gian kiéu-métric la mot
sw mo réng dwoc nhiéu tac gia quan tam nghién
cieu. Bdc biét, li thuyét diém bdt déng trén khong
gian kiéu-métric phat trién rat manh trong thoi
gian gan day. Trong bai bdo nay, trén co so dinh li
diém bdt dong chung cho hai dnh xa théa man diéu
kién (B) suy rong trén khong gian métric, chung
16i thiét lgp va chitng minh mét sé dinh i diém bat
dong chung cho hai anh xa thoa man diéu kién (B)
suy rong trén khong gian kiéu-métric. Pong thoi,
chiing téi xdy dwng vi du minh hoa cho nhitng két
qua dat duoc.

Tir khéa: diém bat dong chung, kiéu-métric,
diéu kién (B) suy rong.

1. Mé dau

Nguyén li anh xa co Banach trén khong gian
métric day dii 1a mot két qua noi bat cia Giai tich
toan hoc®. Viéc mé rong nguyén li nay la mot trong
nhitng van dé thu hat dugc rat nhiéu tac gia quan
tam nghién ctru. Cac dinh 1i diém bat dong ddi voi
anh xa co dugc nghién ctru cho nhiéu kiéu anh xa,
trén nhiéu loai khong gian khac nhau.

Nam 2010, Khamsi* da gidi thiéu khai niém
kiéu-métric nhu 12 mot sy m& rong cua khai niém
métric. Mot hudéng nghién ctru duwoc mdt sb tac
gia trong linh vuc Li thuyét diém bit dong quan
tam la thiét 1ap nhitng dinh 1i diém bat dong trong
khong gian kiéu-métric twong ty nhu nhiing dinh
li diém bat dong da co trong khong gian métric va
tim nhitng ap dung ctia nd. Mot s6 tinh chat co ban
ctia mot s6 khong gian kiéu-métric da dugc ching
minh va mot s6 dinh li diém bat dong trén nhiing
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Abstract

Metric space is an important concept in
mathematical analysis that has been much more
expanded and researched. Especially, fixed-
point theory in metric space has been strongly
developed recently. This paper is to clarify some
common fixed-point theorems for two mappings
satisfying the generalized condition (B) in metric
space. In addition, it gives examples to illustrate
the obtained resullts.
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khong gian nay da duoc thiét 1ap® © 7.

Nam 2011, Abbas va cong su® da chirng minh
sy ton tai ciia diém bat dong chung cho hai 4nh xa
thoa man diéu kién (B) suy rong trong khong gian
métric.

Bing cach tuong tu, ching t6i nghién ciru sy
ton tai cua diém bat dong chung cho hai 4anh xa
thoa man diéu kién (B) suy rong trong khong gian
kiéu-métric; déng thoi, xay dung vi dy minh hoa
cho nhiing Kkét qua dat duoc.

2. N§i dung
2.1. Kién thirc chuén bi

Chung ta can dén céc kién thirc chuan bi sau*®,
2.1.1. Pinh nghia
Cho K >1 khac rdng, K >1 1a mot sb thuc va
D:XxX — [0,+0)1a mot ham thoa man cac
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diéu kién sau:

(1) Véimoi x,y € X, D(x,y)=0 khivachi
khi x=y.

2)D(x,y)=D(y,x) véimoi x,ye X .

(3) D(x,2) <K[D(x,y,)+D(y,,y,) +...+ D(¥,,2)]
VOIimoi X, ¥, Vyseees ¥V, ZEX .

Khi d6, D dugc goi la mot kiéu-métric (metric-
type) trén X va (X, D, K) dugc goi la mot khong
gian kiéu-métric (metric-type space).

2.1.2. Nhan xeét

(X,d) 1a mot khong gian métric khi va chi khi
(X,d,1) 1a mot khong gian kiéu-métric.

2.1.3. Dinh nghia

Cho (X,D,K) 1a mot khong gian kiéu-métric
va {x, } 1a mot day trong X. Khi do:

(1) {x, } duoc goi 1a hgi 1 dén xe X, ki
hiéu limx, = x, néu hmD(x ,x)=0.

n
n—>0

x, { duoc goi 1a mot day Cauch néu
hm)D{(xn,} x,)=0 g 4 4

n,m—»0

(3) Khong gian (X ,D,K) duogc goi 1a day di
néu mdi diy Cauchy trong (X, D, K) 1a mét day
hoi tu.

Cho f,T:X — X lahai anh xa.

(1)Piém x duoc goi la diém tring (coincidence
point) cia f va T néu fx =

(2) Khi do cap (f,T) duorc goi 1a twong thich
yéu (Weakly compatible) néu fvaT glao hoan
tai cac diém trung cta chung, nghia 13, néu v6i moi
x |X,fx Tx thi fTx =Tfx.

(3) Gia tri y duoc goi la gia tri trung (point of
coincidence) cta /' va T'néu ton tai x € X sao
cho y= fx=

(4) Piém x dugc goi la diém bat dong
chung (common fixed point) cia f va T néu
fx=Tx=x.

2.2. Cac két qua chinh
2.2.1. Dinh nghia

Cho (X, D, K) 1a mot khong gian kiéu-métric.

Anh xa T:X — X duogc goi la thoa man diéu
- 1
kién (B) néutontai o € (O’E) va L >0 sao cho

D(Tx, Ty) < 6D(x, y)+ Lmin{ D(x, Tx), D(y,Ty), D(x,Ty), D(y, Tv)|

voimoi x,ye X .

B6 d¢ sau dd dugc trinh bay® nhung khong
chimg minh. Chung t6i trinh bay chi tiét chimng
minh & day.

2.2.2 B6 dé

Cho X khdc rongva f,T:X = X cé mét gid
tri trimg duy nhat trén X. Khi @6 néu cap (f,T)
la twong thich yéu thi f va T c6 diém bt dong
chung duy nhat.

Chirng minh. Vi f,T: X > X c6 mot gia tri
tring duy nhat trén X nén ton tai duy nhat y € X

sao cho véi moi x € X, néu Tx = fx thi

=fx=y

Do cip (f,T) la tuong thich yéu nén
fy=fIx=Tfx=Ty.Suyra fy=Ty la mot gia
tri trung cta cap (f,7). Vi gia tri trung 1a duy
=Ty=y. Vay y la diém bat dong
chung cua cap (f,7T).

nhit nén fy

Gia sit cip (f,T) c6 hai diém béat dong
chung trén X 1a x va y. Khi d6 fx =
fy=Ty=y. Vay x va y la hai gia tri tring cua
cap (f,T). Vi gia tri tring 1a duy nhat nén x = y.

Tx =xva

Suy ra cap (f,T) co duy nhat mot diém bat dong
chung trén X.

Tuong tu nhu ddi véi khong gian métrict,
chiing t6i gi6i thi¢u khai niém 7T -ddy va diéu kién
(B) suy rong trong khong gian kiéu-métric nhu sau.
2.2.3 Dinh nghia

Cho (X,D,K) 1a mot khong gian kiéu-
métric, f,7:X — X 1a hai anh xa théa man

T(X)c f(X) vax, T x Chon x, T X sao cho
fix, = Tx, . Tiép tuc qua trinh nay, ta chon x, Tx
sao cho fx,,, = Tx,, k = 0,1,2,... Khi d6 day {fx }

duoc goi 1a mét T - day (T -sequence) véi diém
bét dau X,

2.2.4. Binh nghia

Cho (X, D, K) 1a mot khong gian kiéu-métric.
Anhxa T: X — X dugc goi 1a thoa mén diéu kién
(B) suy rong lién kﬁt voi anh xa f: X = X (1.1)
néu ton tai § € (0,—) va L >0 sao cho

(TxTy)<(5M(ry+me(<fxTx D(f,Ty), D(fx,Ty),D fy,Tx}
voimoi x,y € X, & day
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) =m0, Doy AL

Khi 13 4nh xa ddng nhét thi diéu kién (B) suy
rong lién két v6i anh xa fduoc goi 1a diéu kién (B)
suy réng. RS rang, mdi anh xa T théa min diéu
kién (B) 1a mot anh xa thoa man diéu kién (B) suy
rong. Vi du sau chimg to chiéu nguoc lai khong
xay ra.

2.2.5. Vidu

ChoX—{O1 I} va

. .2 . . 3
Khi @6, D 1a mot kiéu-métric trén X véi K = —
Dit 2

l khi x e 0,l
T:X > X voi Tx=12 2
0 khix=1.
Khi d6 T théa man diéu kién (B) suy rong véi

1
0= 3 va L=0. Tuy nhién T khong théa man

‘ 1
diéu kién (B) & truong hop x = va y = 1.

2.2.6. Binh li

Cho (X, D, K) 1a mot khong gian kiéu-métric
vaf,T: X ® X1a hai anh xa thoa méin

(1) D 12 ham lién tyc.

) T(X)c f(X). ,

(3) T thoa man diéu kién (B) suy rong lién két
véi anh xa f.

4) f(X) hoac T(X) la mot khong gian con
day du cua X.

Khi d6 f'va Tton tai diém tring va gia tri tring
1a duy nhat.

Chitng minh. Vi x, € X , xét {fx } la mot
T-day véi diém bat dau 1a x,. Ta co

DIy, T, $OM (1, 5, Lin DU, o DU e DDA, DU f, )

hay
D(Tx”’Tx"*I) < 5M(xn’xn—1) (12)
o day
M(xn ’ xn—l ) =
i Ix )+ D
maX{D(fX”,ﬁC" 1) an’Tx ﬁcn pl fYn’ uE 2 fxn 1 }

= max { Difi., fi ).D(fc,fr ) D(fi . fi.). D(fr, fe )+D(fr , fr )}

2

Trwong hop 1. Ton tai 72 sao cho
M(xn7xn—l) :D(f“x:n’_f"xnfl)'
Tu (1.2) tasuy ra

D(fx,.1> fx,) < OD(fx,, fx,)-

Truwomg hop 2. Ton tai n sao cho
M(x,,x,,)=D(fx,, fx,,,).Tu(l2)tasuyra
DS f5,) < 5D fi s i) - Vi B2 (0,0)
nén D(fx, ., fx,)=0.Do d6

D(fx,.15 fX,) < 6D(fx,, fx, )

Truwong hep 3. V&i moi 7 ta cod

D(fx, 15 f%,..) .

M(xn > xn—l ) = 2
Tu (1.2) ta suy ra
D(ﬁcmlgfxn 5D fxn 17fxn+1 (D(ﬁr1+l?fxrz)+D(fxn’fxnfl)).
2 2
Vay

DU g0 1) 52 DU o, ) <KD ).

Tu ba truong hop trén, véi moi 7 ta cod
D(fx, ., fx,)<O0KD(fx,, fx, ).
Tur d6 suy ra

D(fi, o fi,) S SKD(f,, i, ) €. (5K D fiy, f).
V6imoim > n,taco D(fx,,, fx,)

<KDy fy)+ DUy f5,,) + ot DU, 0 15,)
<K (9K)'D( iy fi YH(OK)"' DU iy fi . HOK)" DU iy i)
= K ((SK)"+(SK)"""+..+(5K)" ™ )D( fip, f,))

x 0K

K5 P fx)-
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Cho n,m — o tacé lim D(fx, , fx,)=0.

Vay { fxn} la mot day Cauchy.
Néu £(X) lamotkhong gian con day ductia X

thi ton tai p € £(X) sao cho linoloD(fxn,p) =0
Khi d6 tdn tai #” € X sao cho nf:t* =p. Tacod
D(p,Tu’)
K(D(p, fx,,,)+D( ﬁcHLT u) KD(p, fx,.,)+KD(Tx

n?

Tu)

D(fuTu)

-KD@,fxn-MKmax{D(fx,,,fu DA, T DA W)

+KLmin{D(fx,, T, ), D(fu ,Tu'), D(f, . Tu'), D(fi', Tx, )}

Cho N —> 00 va st dung tinh lién tuc cia D
,tacod

D(p,Tu”)SKMKmaX‘o,o,D(p,ru‘),D i)

)+KLmin{0,D(p,TLf),D(p,T )0,

Tur d6 tasuy ra D(p,Tu’ )< KSD(p,Tu").
VirTu=p=fu'.nén Tu = p=fi. hay
Tu =p=fu.

Néu T(X) 1a mot khong gian diy du thi ton
tai ¢ € T'(X) sao cho limD(7x,,q) = 0.
Vi T(X)C f(X) nén g e f(X) v
lirgD( fx,,q) = 0. Chirmg minh twong tu nhu
t';gn tacou €X saocho Tu =q= fu.

Tiép theo ta ching minh tinh duy nhat cta gia
tri trang. Gia st ring ton tai p,p € X sao cho

fu=Tu=p, fu =Tu =p". Khido
= D(Tu,Tu)
+Lmin{ D(fit,Tu"), D(fu, Tu), D fu',Tu'), D(fr',Tu)|

Dip.p 1+ Dip,p)

g

dmaxi Dip.p ), Dip.p).Dip .2 ),

+Lmin{D(p,p').D(p.p).D(p".p). D(p",p)}

= dD(p,p).

Suyra D(p,p )<SD(p,p’). Vi 5 (0, —)

nén D(p,p )=0 hay p=p’.
2.2.7. Hé qua

Cho (X, D,K) 1a mot khong gian kiéu-métric
dﬁy da, D la moét ham lién tucva T: X > X
thoa méan diéu kién (B). Khi d6 T co6 diém bat
dong duy nhét.

Chitng minh. Ap dung Pinh 1i 2.2.6 véi f1a anh
xa dong nhat ta c6 diéu phai chimg minh.

2.2.8. Dinh li

Cho (X, D,K) la mot khong gian kiéu-métric
va f,T:X — X thoéa min

(1) D 1a mdt ham lién tuc.

(2) T théa man diéu kién (B) suy rong lién két
voi anh xa f.

(3) AX) hodc T(X) 1a mot khong gian con day
dua cua X.

(4) T(X) < £(X). ,

(5) Cap (f,T) tuong thich yéu.

Khi d6 cap (f,T) co6 diém bit dong chung
duy nhat trén X .

Chirng minh. Te Pinh 1i 2.2.6 taco f va T co
gia tri diém trang duy nhit va (f,T) twong thich
yéu. Khi d6, theo B6 dé 2.2.2 ta suy ra dugc diéu
phai chiing minh.

2.2.9. H¢é qua

Cho (X,D,K) la mét khéng gian kiéu-métric
vaT(X)c f(X) sao cho T(X)c f(X). Hon
nita, ton tai 8 € (0,1) va L >0 sao cho

D(Tx,Ty) < dm(x, y)+ Lmin{D(f (x), ), D(fy, Iy), D(fr, Ty), D(fy, T)} (1.
voimoi x,y € X, ¢ ddy
” { 5 DEEL ) MBI AT

Néu f(X) hodc T(X) 1a mot khong gian con day
ducta X thicdp (f,7T) co mdt gia tri tring. Hon
nira néu cdp (f,7) 1a twong thich yéu thi né cé
mot diém bat dong chung duy nhat.

Chitng minh. Bat dang thirc (1.3) 1a dang dic
biét cta bat dang thirc (1.1) nén ket qua dugc suy
truc tiép tir Pinh 1i 2.2.8.

Cubi cung, chung t6i trinh bay vi du minh hoa
cho két qua & trén.
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2.2.10. Vidu 1
Cho X = {0,5,1,2} va

D(0,0)=D£l,lj:D(1,l)=D(2,2):O,

D[l,;j:D[;,lj:D(O,l):D(l,O):D(O,Z):D(Z,O):3

D[l,o):D[o,lj:D(z,l):D[l,2]:1)(1,2):0(2,1):1
2 2 2) 2

Khi d6 (X, D) 1a mot khong gian kiéu-métric
voi K =—. Dit
2

x<fosf
—,xe+0,—
T:X—>X v6i Tx=12 2],

0,xe{1,2}

0,x=0

1 1
fiX X vei i=42"" 2

2,x=1

Lx=2

Khido T(X) < f(X) vacap (f,T) latuong
thich yéu trén X. Hon nita 7 théa man diéu kién
(B) suy rong véi 6 = EVé L=0.

Mit khac fva T thoa man cac gia thiét con lai
cua Pinh 1i 2.2.8. Vay Dinh 1i 2.2.8 ap dung duogc
cho f va T trén (X,D). Vi (X,D) khong la
mot khong gian métric nén ta khong thé ap dung
cac két qua di cof cho f va T trén (X, D).

3. Két luan

Bai viét da dat duogc nhitng két qua sau:

- Gi6i thiéu diéu kién (B) va diéu kién (B) suy
rong trong khoéng gian kiéu-métric: Pinh nghia
2.2.1, Binh nghia 2.2 4.

- Thiét 1ap va chimg minh dugc dinh li diém bat
dong chung cho hai 4nh xa thoa man diéu kién (B)
suy rong trong khong gian kiéu-métric trong Dinh
i 2.2.6, H¢ qua 2.2.7, Pinh 11 2.2.8, HE qua 2.2.9.

- Xay dung dugc vi du minh hoa anh xa théa
man diéu kién (B) suy rong nhung khong thoa man
diéu kién (B) va vi du minh hoa cho Pinh 1i 2.2.8
trong Vidu 2.2.5, Viduy 2.2.10.
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