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Tém tat — Trong nghién cuu nay, ching toi
dé xudt mét day ldp lai ghép mdi dé tim diém
chung ciia tdp nghiém bai todn cdn bdng va tdp
diém bdt déng cia dnh xa théa man diéu kién
(¢-E,), thiét ldp su hoi tu ciia ddy Idp nay trong
khong gian Banach tron déu va l6i déu. Tir dinh
Ii nay, chiing t6i nhdn dugoc mot hé qud vé sw
héi tu ciia ddy ldp cho bai todn cdn bdng va dnh
xa théa man diéu kién (E,) trong khong gian
Hilbert thuc. Péng thoi, mot vi du dwgc dua ra
dé minh hoa cho sw hoi tu ddy ldp cho bai todn
cdn bang va bai todn diém bdt dong ciia dnh
xa théa man diéu kién (¢-E,,). Cdc két qud ciia
nghién citu nay la md réng va cdi tién cia mét
sé két qud trong tai liéu tham khdo

Tit khéa: dnh xa théa man diéu kién (¢-E,,),
bai todn cdin bdng, ddy ldip lai ghép, khong
gian Banach tron déu va 1o déu.

Abstract — In this paper, we propose a new
hybrid iteration for finding a common element
of solution set of equilibrium problems and the
fixed point set of mappings satisfying condi-
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tion (¢-E,), and establish the convergence of
this iteration in uniformly convex and uniformly
smooth Banach spaces. From this theorem, we get
a corollary for the convergence for equilibrium
problems and mappings satisfying condition (E,,)
in real Hilbert spaces. In addition, an example
is provided to illustrate for the convergence of
equilibrium problems and mappings satisfying
condition (¢-E,,). These results are the genera-
tions and improvements of some existing results
in the literature.

Keywords: mapping satisfying (¢-E,,), equi-
librium problem, hybrid iteration, uniformly
convex and uniformly smooth Banach space.

I. GIOI THIEU

Nhiéu vin dé trong todn hoc va nhiing nganh
khoa hoc ki thuit khac din dén viéc giai bai todn
(EP) sau: “Tim diém x € C sao cho f(x,y) >0
vdi moi y € C, trong do C la tdp 16i, dong va f -
C x C — R la song ham thoa man f(z,x) =0
vdi moi x € C'”. Bai toan (EP) dudc goi la bai
todn cdn bang va dugc gidi thiéu nim 1994 béi
Blum et al. [1]. Bai toan (EP) dudc xem nhu la
bai todn bat dang thiic Ky Fan va la tong quat
cia nhiéu md hinh todn hoc khic nhu bai toan
t6i uu, bai todn bit dang thitc bién phan, bai todn
diém bat dong. Ki thuit co ban dé giai bai toan
can bang (EP) 1a xay dung day lip va thiét 1ap su
hdi tu cta day lip ndy dén nghiém cida bai toin
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hoic hoi tu dén hinh chiéu cta di€ém xuét phat
1én tip nghiém cua bai todn.

Bén canh viéc tim nghiém cua bai toan can
bing, van dé tim nghiém chung ctia bai toan cin
bang va bai toan diém bat dong cia cdc 4nh xa
phi tuyén ciing dudc nhiéu tic gia quan tim. Nim
2009, Takahashi et al. [2] da gidi thiéu day ldp
lai ghép dé tim nghiém chung cta bai todn cin
bang va bai toan tim diém bit dong clia 4nh xa
tuong dbi khong giin trong khong gian Banach
tron déu va 16i déu; Qin et al. [3] da dé xuat mot
day lap d€ tim nghiém chung cla bai toin can
bing va bai toan tim di€ém bét dong cda hai anh
xa tya ¢-khong gian trong khong gian Banach
tron déu va 16i déu. Nam 2016, Alizadeh et al.
[4] da dé xuAt mot day lai ghép dé tim nghiém
chung ciia bai toan cn bang va bai toan tim diém
bit dong clia 4nh xa hén hop téng quit trong
khong gian Hilbert. Luu y ring,  mdi budc lap
cua day 1ap trong Alizadeh et al. [4], chung ta
phdi thuc hién tinh todn dé€ tim hai tip C,, va
Q. Nam 2017, Truong Cam Tién va cong su [5]
da nghién ctiu téng quat cic két qua chinh trong
Alizadeh et al. [4] sang khong gian Banach, cu
thé 1a céc tac gia da gidi thiéu khai niém anh xa
thda mén diéu kién (¢-E,,), dé xult mot day ldp
lai ghép dé tim nghiém chung cla bai todn cin
bing va diém bét dong clia anh xa thda man diéu
kién (¢-E,,), dong thoi thiét 1ap su hoi tu cla
day lip nay trong khong gian Banach tron déu
va 16i déu. D€ y ring, day lip trong Truong Cim
Tién va cOng su [5] da b6t tdp Q. Tuy nhién,
khi xét trong khong gian Hilbert thi day 1ap trong
Truong CAm Tién va cong su [5] khong c6 dang
day ldp trong Alizadeh et al. [4]. Hon niia,  moi
buée 1ap, ching ta phai tim tap C),+1 v6i do tinh
toan phuc tap. Chinh vi vy, trong nghién cdu
ndy, chiing t6i dé xuAt mot diy Lip lai ghép mdi
dé tim diém chung clia tAp nghiém bai toan can
bang va tap diém bit dong clia anh xa thdéa man
diéu kién (¢-E,,), thiét 1ap sy hoi ty cla day ldp
ndy trong khong gian Banach tron déu va 16i déu.
Tir d6, ching t6i nhan dudc mot két qua vé su hoi
tu ctia day lip lai ghép cho bai todn can bing va
anh xa thoa man diéu kién (E,,) trong khong gian
Hilbert. Pong thdi, ching toi cling xiy dung vi
du minh hoa cho két qua.

68

KHOA HOC CONG NGHE - MOI TRUGNG

TONG QUAN

Muc ndy trinh bay mot sé khai niém va két qua
cd ban dugc st dung trong bai viét. Luu y ring
trong bai viét ndy, chiing toi xét E 1a khong gian
Banach thuc.

IL.

Pinh nghia 1 ([6]). Cho E la khong gian Banach
vaU = {z € E: |z|| = 1}. Khi do,

(1) Khong gian E dugc goi 1a 6i chet néu U 16i
chdt, nghia 1a ||z + y| < 2 v6i moi z,y €
E, x| = [lyl =1 vaz #y.

(2) Khong gian E ducc goi 1a [6i déu néu vé6i
e>0,ton tai § > 0 sao cho ||z + y| <
2(1-9) véimoiz,y € E, ||z <1, ||yl <1
Vi flz -yl = <.

(3) Khong gian E dudc goi 1a tron néu véi mbi
z,y € U, ton tai

t —
L
t—0 t
(4) Khong gian E dudc goi 1a tron déu néu gi6i
han (1) 1 gidi han déu vé6i =,y € U.

Tit dinh nghia trén, chiing ta thiy ring néu F
1a khong gian Banach 16i déu thi E 1a khong gian
Banach 13i chit va phan xa; néu E 1a khong gian
Banach tron déu thi F 1a khong gian Banach tron
va phan xa.

Cho E la mot khong gian Banach v6i chuin
Il va E* khong gian lién hgp cua E. Ki hiéu
(z, f) 1a gia tri clia 4nh xa tuyén tinh f € E* tai
x € E. Anh xa d6i ngiu chuén tic J : £ — 2F"
dugc dinh nghia bdi

J(z) = {a* € E*: (w,2%) = ||z[” = [|«*[|*}
v6i moi x € U.
B& dé 2 ([6]). Cho E la khong gian Banach.

(1) Néu E la khong gian Banach tron thi J la
dnh xa don tri, lién tuc yéu* theo chudn va
| Jul| = ||u|| vdi moi v € E.

(2) Néu E la khong gian Banach 1oi chdt, tw
lién hop thi J=' la dnh xa lién tuc yéu*
theo chudn.
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(3) Néu E la khong gian Banach tron, 16i chdt, tw
lién hop thi J la song dnh va || J " 1ul| = ||jul|
vdi moi u € E*.

(4) Néu E la khong gian Banach tron déu thi J
la dnh xa lién tuc déu trén moi tdp con bi
chan cia E.

(5) Néu E la khong gian Hilbert thi J la dnh xa
dong nhdt.

(6) Khong gian Banach E la tron déu néu va chi
néu E* la khong gian Banach 16i déu.

Tiép theo, chiing toi trinh bay khdi niém va
mot s6 tinh chét ctia phiém ham Lyapunov trong
khong gian Banach tron. Gia st rang E 1a mot
khong gian Banach tron. Xét phiém ham Lya-
punov ¢ : £ x E — R dudgc dinh nghia bdi

$(z,y) = l|z]* = 2z, Jy) + [ly[*

v6i moi z,y € E.

2

Nhan xét 3 ( [6]). Tt dinh nghia ctia phiém ham
¢, ta dudc

(1) Néu E 1a khong gian Hilbert thi (2) trd thanh
¢(z,y) = |lz — y||* véi moi z,y € E.

(2) V6i moi z,y € E, ta co

([l = llyll)* < ¢(z,9) < (llll + [lyl)*
3)

va

Pz, L ATy + (1 = N\)J2))

< Mgz, y) + (1= Aoz, 2). @)

(3) Cho E la khong gian Banach tron, 16i chit
va phan xa. Khi d6, ¢(z,y) = 0 khi va chi
khi z =y v6i moi =,y € E.

Tiép theo, chiing tdi trinh bay mot sb két qua
lién quan dén su hoi tu trong khong gian Banach
16i déu va tron.

B4 dé 4 ([71, Proposition 2). Cho E la mot khong

gian Banach 16i déu, tron va hai day {z,},{yn}

trong E. Khi do, néu lim ¢(z,,y,) = 0
n—oo

va {xp,} bi chan hodc {y,} bi chdin thi

lim ||z, —yn| = 0.

n—oo
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B4 dé 5 ([7], Proposition 2). Cho E la mét khéng
gian Banach 16i déu, tron va hai day {z,}, {yn}
trong E sao cho {x,} bi chdn va {yn} bi chdn.
Khi do,

nh_{glo ¢(Tn;yn) = 0
< lim ||z, —ynl|| =0
n—oo

< lim ||Jx, — Jyn| =0
n—oo

B4 dé 6 ([7], Proposition 2). Cho E la mét khéng
gian Banach 16i déu va r > 0. Khi do, ton tai
g :[0,2r] — [0,00) la ham sé lién tuc, ting chdt
va 16i sao cho g(0) =0 va || Az + (1 — \)y||*> <
A2l + (1= M)yl = A(L—Ng(z—y1]) vdi moi
Ael0,1] va z,ye B={z€E: |z <r}.

Nam 1996, Alber [6] da giGi thi€u mot mé rong
ctia khai niém phép chiéu P trong khong gian
Hilbert sang khong gian Banach va dugc goi la
phép chiéu suy rong IIo. Tiép theo, chiing toi
trinh bay khdi niém va mot s6 tinh chit ctia phép
chiéu suy rong trong khong gian Banach.

B& dé 7 ( [8], p.338). Cho E la mét khong gian
Banach 16i chdt, tron va tu lién hop, C' la mét tdp
con 16i, dong, khdc rong trong E. Khi do, véi moi
x € E, tén tai duy nhdt phan ti Tox € C sao
cho ¢(x,llcx) = inf{p(x,y) : y € C}. Ta goi
dnh xa Tlc la phép chiéu tir E lén C.

BG dé 8 ( [8], Lemma 1.3). Cho E la mot khong
gian Banach 16i chdt, tron va tu lién hop, C la
mot tdp con 16i, dong, khdc réng trong E va x €
E. Khi do,

(1) z=Tcx néuvachinéu (x —z,z—y)> 0
vdi moi y € C.

(2) ¢(y.Ucz) + ¢(Llcx,x) < ¢(y,z) vdi moi
yedC.

Nim 2011, Garcia-Falset et al. [9] da tdng quat
khéi ni€ém anh xa khong gian thanh khai niém anh
xa théa man diéu kién (E,) nhu sau:

Pinh nghia 9 ( [9], Definition 2). Cho E 1a mot
khong gian Banach, C' 1a mot tap con khdc rong
trong £ valT : C — C la mdt anh xa. Khi do,
dnh xa T dudc goi 1a mot dnh xa théa man diéu
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kién (E,) trong C' néu ton tai > 1 sao cho véi
moi z,y € C, ta cod

[z =Tyl < pllz — Tl + [l -yl

Ki hiéu F(T) = {z € C : Tx = z} la tap
diém bAt dong cta 4nh xa T. Tiép theo, chiing
toi trinh bay khai niém anh xa ¢-khong gian va
anh xa tua ¢-khong gian duge gidi thiéu bdi Qin
et al. [10].

DPinh nghia 10 ( [10], p.1052). Cho E la mdt
khong gian Banach tron, C' la mét tdp con khac
rong trong E, ¢ : E x E — R 1a phiém ham
Lyapunov va anh xa 7' : C' — C. Khi do,

(1) T dugc goi 1a anh xa ¢-khéng gian néu
¢(Tz,Ty) < ¢(x,y) véi moi z,y € C.

(2) T dudc goi la 4nh xa twa ¢-khong gian néu
o(p, Ty) < é(p,y) v6i moi y € C vap €
F(T).

Niam 2017, Truong Cam Tién va cong su [5] da
st dung phiém ham Lyapunov dé md rong khai
niém anh xa thoéa man diéu kién (E,) thanh khai
niém 4nh xa théa man diéu kién (¢-E,,) trong
khong gian Banach tron nhu sau:

Dinh nghia 11 ( [5], Dinh nghia 2.1). Cho F la
mot khong gian Banach tron, C' 1a mot tdp con
khéc rong trong E, ¢: E x E — R 1a phiém
ham Lyapunov va anh xa 7T : C' — (. Khi d¢,
T dugc goi 1a dnh xa théa man diéu kién (¢-E,,)
néu ton tai ;1 > 1 sao cho véi moi x,y € C, ta c6

Vo(@,Ty) < py/ o, Tx) + v/ oz, y).

Nhén xét 12 ( [5], Nhan xét 2.2). Néu E 1a khong
gian Hilbert thi 4nh xa thda méan diéu kién (¢-E,,)
la 4nh xa thoa man diéu kién (E,,).

Vi du sau minh hoa cho khai niém anh xa thda
mén diéu kién (¢-E,,).

Vi du 13. Xét E = R la khong gian Banach véi
chun ||u| = |u| v6i moi u € F, C = [-1,1].
Khi d6, anh xa J = I va phiém ham Lyapunov
d(u,v) = (u—v)* voi moi u,v € EvaT :
C — C dugc xac dinh bdi Tx =

vii

X
T+2
moi x € C. Khi d6, T la anh xa théa man dieu
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kién (¢-E,) v6i p > 1. That vdy, ta xét hai trudng
hop sau.

Truong hop 1. V6i = 0 va v6i moi y € C,
ta co

P(x, Ty) = \ <yl
Vol(z,y) = p/o(x, Tx) + qus (z,y).

Truong hop 2. V6i x # 0 véi moi y € C, ta c6

10— Ty\—\

Y

é(x, Ty) )

- + 1|+ |z —y|.
|y T2 |+ [z —yl

2

Dit f(t) :t——2+1v<sitec Khi do,

tac6 max|f(t)] = f(~1) = 2 va min|f(£)] =
€

f(0) =0. SuyraténtaicECsaocho fle) =

0. Do do, ton tai pu > 1 h
t€r81££0|f()\7é o0 do, ton tai p > 1 sao cho

- — 1l < |f(-1

s Dl =2 < ulf(o)

2
ple — —— + 1| = p/o(z, Tx).

x+2

<

Tur hai trudng hop trén, ta suy ra ton tai pu > 1
sao cho

Vo(x, Ty) < py/o(x, Tx) + v/ o(x, y).

Diéu nay c6 nghia 1a T 13 4nh xa théa man diéu
kién (¢-E,) v6i p > 1.

Mait khac, T' khong la anh xa ¢-khéng gian.
That vay, chon z —-0.9,y —0.8, ta cb
¢(Tx,Ty) = 0.02 > 0.01 = ¢(x,y).

Tiép theo, ching tdi trinh bay mot sb két qua vé
tinh chét cho tap diém bat dong ctia dnh xa thoa
mén diéu kién (¢-E,) trong khong gian Banach
16i déu va tron.

Meénh dé 14 ( [5], Ménh dé 2.3). Cho E la mét
khong gian Banach tron, C' la mét tdp con khdc
rong trong E, ¢ :E x E — R la phiém ham
Lyapunov va dnh xa T : C — C. Khi do, néu
T la dnh xa thda man diéu kién (¢-E,,) trong C
sao cho F(T) # @ thi T dnh xa tua ¢-khong
gidan trong C.
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Ménh dé 15 ( [5], Ménh d& 2.4). Cho E la mét
khong gian Banach tron déu, 16i déu, C' la tdp con
16i, dong, khdc rong trong E, ¢ : Ex E — R
la phiém ham Lyapunov va T : C — C la dnh
xa théa man diéu kién (¢-E,,) trong C sao cho
F(T) # @. Khi dé, F(T) la tdp con loi, dong
trong C.

Ménh dé 16 ( [5]), Ménh dé 2.5). Cho E
la mét khong gian Banach tron déu, 16i déu,
C la tdp con 16i, dong, khdc réng trong E,
¢ : ExE — R la phiém ham Lyapunov,
dnh xa T C — C la dnh xa théa
man diéu kién (¢p-E,) va {x,} C C sao cho
lim ¢(zp,z) = Ova lim @(xy,Txy,) = 0. Khi
n—oo n—oo

do, z € F(T).

Tiép theo, chiing tdi trinh bay mot sd két qua
vé bai toan cin bang. Xét bai toan cin bang (EP)
nhu sau: “Tim diém p € C sao cho f(p,y) >0
v6i moi y € C, trong d6, C' 1a tap 16i, déng, khéc
rong." Ki hiéu EP(f) ={p € C: f(p,y) > 0,
v6i moi y € C'} 1a tdp nghiém cia bai toan (EP).
Dé giai bai todn (EP), cic tic gid da xét nhiing
gia thiét sau cho song ham f.

(A1) f(u,u) =0 véi moi u € C.

(A2) f don diéu, nghiala f(u,v)+f(v,u) <0
v6i moi u,v € C.

(A3) ltiﬁ)l sup f(tw+(1—t)u,v) < f(u,v) véi
moi u,v,w € C.

(A4) Véi méi u € C,v — f(u,v) 1a ham 15i
va nua lién tuc dudi.

B6 dé sau thiét 1ap mot s6 tinh chét vé tip
nghiém ciia bai toan cin bing (EP).

Bé dé 17. Cho E la mot khong gian Banach 16i
chdt, tron déu, C la mot tdp con 1oi, dong, khdc
rong trong E, f : C x C — R la song ham
théa man (A1) — (A4), »r > 0 va u € C. Khi do,

(1) [1] Ton tai w € C sao cho f(w,y) +

—(y —w, Jw — Ju) > 0 vdi moi y € C.
,

(2) [2), [3] Xét dnh xa K, : E — C duoc dinh
nghia bdi

K, {weC: flw,y)+

1
(y —w, Jw—Ju) > 0,Vy € C}.

r
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Khi do

(a) K, la dnh xa don tri.

(b) K, la dnh xa khong gian viing, nghia la,
voi moi u,v € E, ta co

(Kyu — Kpv, JKpu — JKv)
< (Kyu— Ky, Ju — Jv) .

(c) F(Ky)=EP(f).
(d) K, la dnh xa tua ¢-khdng gian.

(e) o(q, Kru)+o(Kru,u) < ¢(q,u) vdi moi
q € F(K,).

(f) EP(f) la tdp 16i va dong.

Mot két qua téng quat cda [4, Theorem 3.1]
trong khong gian Banach tron déu va 16i déu dugc
thiét 1ap bdi Truong CAm Tién va cong su [5]
nhu sau.

Pinh li 18 ( [5], Pinh li 2.6). Cho E la mot
khong gian Banach tron deu va loi deu, C
la mét tdp con 16i, dong, khdc rbng trong
E f:CxC — R la song ham thoa mdn
cdc gid thiét (Al) — (A4), ¢: ExE — R
la phiém ham Lyapunov va T : C — C la
dnh xa théa man diéu kién (¢-E,) sao cho
F F(T)NEP(f) # @. Xét day {z,} xdc
dinh bdi

(20 € E, C; =C, z1 =1, o,
up = J HapJr, + (1 — ap)JTxy),
Un = KrnJ_l(Bann + (1 - /Bn)JTun))
wy = J Y (v Jun + (1 —30)JTvy),
Cn+1 ={2 € Cy : and(z,vp)
+(1 - an)¢(za wn) < Qb(zyxn)}’
Tpt1 = llg, o, n € N¥,

trong dé, K, la dnh xa xdc dinh nhu trong B6
de 17, 0 < am, Bn,Yn < 1 sao cho lim a, =1,

n—o0

liginfyn(l — V) >0, 1, € [,00) vdie >0
n (o]

va ap € (a,b) C (0,1) vdi moi n € N*. Khi
do, day {x,} héi tu dén p = lpxy.

Nhan xét 19. Dinh 1i 18 1a mot tong quat cta [4,
Theorem 3.1] tu khong gian Hilbert sang khong
gian Banch tron déu va 16i déu. Tuy nhién, & mbi
buéc 1ap cua day lap trong Pinh 1i 18, ching ta
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phdi tinh toan phiic tap d€ tim tap C, 1. Hon
ntta, khi xét £ la khong gian Hilbert, chung ta
nhin dugc mot day lap khong c6 dang ctia day
1ap trong [4, Theorem 3.1].

II. NOI DUNG

Trudc hét, bang cach thay tap C,, 1 trong Pinh
li 18 bdi tap Cpy1 = {z € Cy : ¢(z,wy) <
é(z,2,)} don gian, ching toi thiét 1ap su hoi tu
cia mot day lap lai ghép méi cho bai toan can
bing va dnh xa théa man diéu kién (¢-E,,) trong
khong gian Banach tron déu va 16i déu.

Pinh li 20. Cho E la mot khong gian Banach
tron déu va loi déu, C la mot tdp con 1oi, dong,
khdc rong trong E, f : C x C — R la song
ham théa man cdc gid thiét (A1) — (Ad), ¢ :
E x E — R la phiém ham Lyapunov va T :
C — C la dnh xa théa man diéu kién (¢-E,,)
sao cho F:= F(T)NEP(f) # @. Xét day {x,}
xdc dinh bdi

( xo € E, 01 = C, xr1 = HCIZE(),

up = J HanJrn + (1 — ay)JTxy),

Un = Krnxna

Wy = Jﬁl(’)/nt]un + (1 - 7n)JTUn)7
Cry1 =1{2€ Cp: p(z,w,) < (2, 20)},
Tny1 = e, 20, n € N¥,

trong do, K, la dnh xa xdc dinh nhu trong B6
de 17, 0 < oy, Yo < 1 sao cho lim a, =1,

. . n—oo

hnlmf Yl —=7n) >0, 7, €[e,00) vdie >0
n o0

va vdi moi n € N*. Khi do, day {x,} hdi tu
déﬂ p= HF:(,'().

Chitng minh. Ta chiing minh theo 6 budc sau:

Budc 1. Chiing minh phép chiéu lpxg
xdc dinh.

Bing cich st dung B8 dé 17, ta c6 EP(f)
la tap 10i, déng. Theo Ménh dé 15, ta c¢6 F(T)
la tap 16i, dong. Do d6, EP(f) N F(T) la tap
16i, dong. Két hop véi gia thiét F := F(T) N
EP(f) # @, ta cé F la tap 16i, déng, khac réng
trong C. Vi vdy, theo B dé 7, ta c6 phép chiéu
IIpxy xac dinh.

Budc 2. Ching minh day {x,} xdc dinh.

Theo B& dé 7, d€ chiing minh day {z,} xdc
dinh, ta can ching minh C,, 1a tap 16i, déng, khic
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rong véi moi n € N*. That viy, ta luu y ring

{2 €Oy d(z,wn) < ¢(z,7,)}
{2 € Cn:2(z, Jan — Jwy) < ||z,

—[lwn*}.

Bay gio, ta chiing minh C), 1a tdp dong véi moi
neN".Véin=1tacé C;=C latip dong.
Gia su C), la tap dong vé6i moi n € N*. Ta ching
minh C), ;1 cling 1a tdp dong v6i moi n € N*.
Léy {ufﬁzl}k la day trong Cj41 va {ugi)l}k hoi

Cn+1

tu dén ugboll. Ta chiing minh ug)ll € Cpt1. Do
(F) (k)

Uy i1 € Cpyr nén v,y € Cp va
k
20ulf) |, Tz — Jwn) = |[2a])? — Jwal*

Do C, latap déng va {ul),}, hoi w dén
ul”, nen !, € C,. Mit khdc, khi k — oo

trong bat dang thiic trén, ta dudc

0
2(ul)y, Jan — Jwn) = al® — [[wn]|?:
Do do, uglOJ)rl € Cpy1. Piéu nay c6 nghia C, 41

1a tdp dong v6i moi n € N.

Tiép theo, ta ching minh C,, 12 tap 15i véi moi
n€N*. Véin=1,tacé C; = C latap 16i. Gia
st C,, 1a tap 16i v6i moi n € N*. Ta chiing minh
Cp41 ciing 12 tap 16i v6i moi n € N*. Véi u,v €
Cp+1, ta ching minh au + (1 — a)v € Chyg
véi o € [0,1]. That vay, do u,v € Cp41 nén
u,v € Cp, va tu dinh nghia cta C,41 , ta dugc

2(u, Jay — Jwp) = ||37n||2 - ||wn||2 ®)
va
2(v, Jxn, — Jwy) = Hxn”2 - ”wnH2 (6)
Do C,, 1a tap 16i va u,v € C,, nén
au+ (1 —a)v e C,.
Mait khac, tu (5) va (6), ta cé
2{au, Jan — Jwn) = af[lzal* = [lwal*). ()

va

2((1 — a)v, Jzy, — Jwy,)
(1= a)(llzall® = hwal?)-

®)
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Khi do, stt dung (8), ta dugc

2{au + (1 — a)v, Jo, — Jwn) = ||| —||lwa| .

Diéu nay c6 nghia 1a au+ (1 — a)v € Cp, 41 hay
Cp1 12 tap 18i véi moi n € N. Do d6, C,, 1a tap
16i, déng v6i moi n € N*.

Tiép theo, ta ching minh C,, khic réng véi
moi n € N*. P& chiing minh diéu nay, ta ching
minh F' C C,, v6imoi n € N*, V6i n =1, ta cd
F C F(T) c C = Cy. Gia st rang F C C,, véi
n € N*. Ta chiing minh F' C C),11. That vay, v6i
u € F, theo gia thiét F C C, ta dudc u € C,,.
Theo Ménh dé 14, ta c¢6 T ciing 13 4nh xa tua
¢-khong gian. Do d6, ap dung (4), ta dudc

¢(U, Un)
o(u, Jﬁl(anJa?n + (1 —apn)JTzy))

< an¢(u7 xn) + (1 - O‘n)d)(u’ T-Tn)
< Oén(z)(ua xn) + (1 - an)¢(u7 xn)
= o(u, zp). ©)
Do K, la anh xa tya ¢-khong gian nén
¢(u7vn) = ¢(ua Krnxn) < (b(uya:n) (10)

Do d6, két hop (9) vé6i (10) va st dung (4), ta dudc

¢(u, wp)

(w, T (YT + (1 =) JJT0y))
Ynd(, un) + (1 — yn)d(u, Tvp)
Ynd(U; un) + (1 —vn)P(u, vp)

Y@ (U, ) + (1 — 7)) P(u, 2n)
o(u, zp).

(VAN VANVA

Diéu nay c6 nghia 1a u € C,,41. Do d6, F C
Cry1 v6i moi n € N.

Tir nhitng chiing minh trén va két hop véi gia
thiét F 1a tap khéac rong, ta suy ra C,, 1a tap
16i, déng, khic réng. St dung B& dé 7, ta c6
phép chiéu Il xo 1a xac dinh. Do d6, day {x,}
xac dinh.

Buéc 3. Chiing minh {¢(zy,x0)} hoi tu,
nli_)rgo<b(xn+1,xn) = 0. Véi moi n € N* wvi

x, = Ilg, o nén theo B& dé 7 ta c6

O (p, o) < P(z,20) v6imoi z € Cp. (11)
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Khi d6, v6iu € Ftacéu € C,,. Két hop véi (11),
ta c6 (2, 0) < ¢(u, o). Diéu ndy c6 nghia la
{¢(zn,x0)} bi chan. Mat khac, vi Cp,11 C Cy,
v6i moi n € N* nén

Tptl = ch+1$0 S Cn+1 c C,. (12)

Do do, tu (11) va (12), ta dugc ¢(xy,zo) <
d(xpt1,20) hay {é(zn,x0)} la diy don diéu
tang. Két hop véi tinh bi chin cta {¢(zy,,x0)},
ta suy ra ton tai gi6i han cla {¢(z,,x0)}. Dit

13)

nh_}n(go O (X, o) =7

Mit khac, vi z,, = ¢, 79 nén theo BS dé 8 véi
moi u € C),, ta co

d(u, ) + ¢, v0) < d(u, x0).

Két hop (14) véi (12), ta dugc

(14)

0 S ¢(xn+la Ilfn) S ¢($n+17$0) - ¢($n7$0)'
(15)
Cho n — oo trong (15) va st dung (13), suy ra

lim ¢($n+1, zn) =0. (16)
n—oo
Két hop diéu nay véi BS dé 4, ta dugc
nh—>ngo H$n+1 - !Tn” = 0. (17)

Budc 4. Chitng minh {x,,} héi tu dén p € C.
Véi moi m > n, ta cé C,, C C,,. Két hop diéu
nay véi (15), ta dugc

0< GZ)(xm»xn) < QS(:Cm»xO) - ¢(5L'n7$0)- (18)
Tur (13), (18) va B& dé 4, suy ra

lim

|Xm — xn|| = 0.
m,n—00

lm (2, 20) =
m,n—o0
Do do, {z,} la day Cauchy trong C. Mt khac,
do C 1a tap déng trong E nén C c6 tinh diy du.
Khi d6, ton tai p € C sao cho

lim z, = p. (19)

n—o0

Budc 5. Chuing minh p € F.

Truéc hét, ta ching minh p € F(T). Vi
Tn+1 = e, ;70 € Cry1 nén theo dinh nghia
cia Cp1, tacod

A(Tni1,wn) < O(Tnt1, Tn). (20)
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St dung (16) va (20), ta suy ra
Tim (a1, wn) = 0.
Khi d6, tit B& dé 4 ta dudc
lim ||zp41 —wy|| =0. (21)
n—oo
Ta lai ¢cé
|20 — wnll < |0 — Znsa || + (2041 — wall-

Két hop diéu nay véi (16), (21) va Bs dé 5,
ta dudc

lim |z, —wy| =0 (22)
n—oo
va
lim ||Jx, — Jw,| = 0. (23)
n—oo

Mat khac, v6i u € F| ta co

¢ (u, wy)

(u, T (Y Jun + (1 — ) JJT0y))

ul|? = 2 (u, nJun + (1 — 7)) JTvy)
H Tt + (1 = v) JT v, ||?

< Hu||2 — 2 (u, ypJup + (1 — ) JT0y)
Yl Junl” + (1 = 7o) || T |12
—Yn(l — ’Yn)g(Hun - T'UHH)
< o(w,zn) — V(1 — ) g([lun — Ton).
Suy ra

Y1 = ) g([[un — T, ||

Hon nta, ta c6
|P(u, zp) — B(u, wn)|

12 (u, Jwn, — Jag) + |[2a]2 = [[wal?|

< 2[u, Jwy — Jzp)| + | [[2a]| — [Jwall]
X([|zn |l + [lwll)
< 2f|ull ]| Jwy — Jxp|| + [|l2n — wy]

X([lznll + llwnl])-

Két hop bat dang thic trén véi (22) va (23) , ta
duge lim |¢(u,z,) — ¢(u,w,)| = 0. Ké hgp
. n—oo
dieu nay véi (24) va liminf~,(1 —~,) > 0, ta
n—oo
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duge lim g(||Ju, — JTv,||) = 0. Khi do, theo
n—oo

tinh chat ctia ham s6 g, ta suy ra
lim || Ju, — JTv,| = 0.
n—oo

St dung B& dé 5, ta dudc

|un, — Ty = 0. (25)

lim
n—oo
Mit khdc, ta c6 Ju, = apJx, + (1 —ap)JTzy,.
Suy ra || Ju, — Jz,|| = (1—ap)||xn— Txy|. Do
lim a, =1 va {x,} bi chdn nén lim ||Ju, —
n—oo \ R n—oo
Jxn|| = 0. St dung Bo dé 5, ta duge
lim |lu, — z,| = 0. (26)
n—oo
Ta lai c6

[#n = Tvn|| < |lun = @nll + lun — Tonll. 27)

Khi d6, két hgp (27) v6i (25), (26) va st dung
B§ dé 5, ta ducc

lim ||z, — Tv,| = lim ||Jx, — JTv,|| =0.
n—o00 n—oo
(28)
Mit khac, vi v, = K, ,x,, T la anh xa thdéa man
diéu kién (¢p-E,) va B& dé 6 nén véi u € F, ta co

d)(Un, xn) < d)(u) :En) - ¢(ua Un)
< d(u, ) — o(u, Tuy). (29)
Ta cling c6
’(b(u’ :Un) - gb(u, TUH)|

< 2wl || JT v, — Jxg||
+@n = Topl|([[znll + [ Tvnll)- (30)

Tir (28) va B3 dé 5, khi cho n — oo trong (29)
va (30), ta dudc

lim ¢(vy,zn) = lm [jv, —zn|| =0 (G
n—oo n—oo
va
lim [|Jv, — Jz,|| = 0. (32)
n—oo
Két hop (19), (31) va Bs dé 5, ta dugc
lim |jv, —p| = lm @(vy,p) =0.  (33)
n—oo n—o0
Ta lai c6

lvn — Top|| < |lvn — |l + |20 — Top||. (34)
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Do d6, két hgp (34) véi (28) va (31), ta dugc

lim v, —Tv,| = lim ¢(vp, Tv,) = 0.
n—oo n—oo
(35)

Khi do6, tir (33), (35) va sit dung Ménh dé 16,
ta dugc p € F(T).

Tiép theo, ching ta ching minh p € EP(f).
That vay, vi v, = K, z, nén theo BS dé 17,
ta co

1
f(Umy)'i‘r@—UmJUn—JJUn) >0

n

v6i moi y € E. Khi d6, tir gia thiét (A2), ta c6

rln<y —Vn, Jon —Jxn) = —f(on,y) > f(y,vn).
v6i moi y € C. Két hop diéu nay véi diéu kién
(A4), (32) va (33), ta dugc f(y,p) < 0 véi moi
yeC.baty, =ty+(1—t)pvéite (0,1], y €
C. Khi d6, y; € C va f(y;,p) < 0. Tu gid thiét
(A1) va (A4), ta dudc

y)+ (1 —1)f(ye,p)
tf (e, v)-

Ta chia cic vé cia bat dang thic cho ¢, ta c6
f(yt,y) > 0véimoiy € E. Chot | 0 vasu dung
gia thiét (A3), ta dugc f(p,y) > 0véimoiy € E
va do d6 p € EP(f). Két hgp véi p € F(T), ta
dudc p € F.

Budc 6. Chiing minh p = llpxyg.

Vi 2,41 = e, 20 nén st dung BS dé 8, ta
co (Tp+1 — Y, Jxo — Jxpy1) > 0 Vv6i moi y €
Chny1- V6i moi w € F, vi ' C Cpy1 nén u €
Cn+1. Do d(),

(Tny1 —u, Joo — Jrpni1) > 0. (36)

Cho n — oo trong (36), ta dugc
(p—u,Jxg— Jp) >0

v6i moi u € F. Theo BS dé 8, ta c6 p = Hpay.

Luu y ring khi £ 12 khong gian Hilbert thi
d(2,y) = ||z —yl||? véi moi x,y € E va J 1a dnh
xa dong nhit. Do d6, tit Pinh 1i 20, ta nhan dudc
két qua vé su hoi tu ctia diy lip cho bai todn cin
bing va dnh xa théa man diéu kién (E,) trong
khong gian Hilbert thuc.
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Hé qua 21. Cho E la mot khong gian Hilbert
thue, C la mét tdp con 10i, dong, khdc rbng
trong E, f: C x C — R la song ham thoa
mdn cdc gid thiét (A1) — (A vaT :C — C
la dnh xa théa man diéu kién (E,) sao cho
F:= F(T)NEP(f) # @. Xét day {x,} trong
C xdc dinh bdi

ek Ci=0C, 1= P(jl.%'(),

Up = oy + (1 — an) Ty,

Up = Krnl'm

Wy, = Ynty + (1 — v0)T0n,

Cnt1={z € Cpn: |z —wnl < |z —znll},
\ Tny1 = P, 70, n € N¥,

trong do, K, la dnh xa xdc dinh nhu trong B6

de 17 véi J la dnh xa dong nhdt, 0 < oy, 1, < 1

sao cho lim ay =1, liminf ~,(1 —~,) >0,
n—oo n—oo

T € [g,00) vdie >0 va vdi moi n € N*.

Khi dé, day {x,} héi tu dén p = Prxo.

Cudi cung, chiing ti xay dung vi du minh hoa
su hdi tu ddy ldp cho bai toin can bang va bai
toan tim di€ém bat dong ctia 4nh xa théa man diéu
kién (¢-E,).

Vi du 22. Cho E = R la khong gian Banach
v6i chudn |ju| = |u| v6i moi u € E. Khi
d6, anh xa J = I va phiém ham Lyapunov
d(u,v) = (u— v)2 v6i moi u,v € E. Xét bai
toan (EP) sau:

Tim = € Csao cho f(z,y) > 0 véi moi y € C,

trong d6, C' = [—1, 1] vasong ham f : CxC —
R dugc xdc dinh bdi

flz,y) = —32° +2zy +y°

Khi d6, ki€ém tra dudc f thoa man cic gia thiét
(A1) — (A4). That vay,
(A1) V6i moi y € C, ta co

v6i moi x,y € C.

f(x,x) = —32% + 22% + 2* = 0.
(A2) V6i moi z,y € C, ta cd

f(@,y) + fy, x)
32 4 2zy +y* — 2% +yr +
—(z—y)* <0.

2
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(A3) V6i moi y, z € C, ta co

limsup f(tz + (1 — t)z,y)

£10
= limsup (—2(tz + (1 — t)x)?
t10
+H(tz+ (1= t)2)y +y°)
= 2%+ ay+9°
= [f(z,y).

(A4) V6imdi z € C, f(x,y) = —22%+ay+y?
1a ham sb 16i va nda lién tuc duéi.

Tiép theo, ta x4c dinh cong thiic ctia K, dugc
dinh nghia nhu trong B§ dé 17. Véi moi y € C
var >0, tacod

1
flzy)+ -y —zz—-2)20
& P4+ 2rztz—n)y—3r? faz—z
> 0. (37

2

Ta thdy o(y) = ry? + (2rz + 2z — 2)y — 3rz2 +
zz — 2% 12 mdt ham sb6 bic hai theo bién v.
Do d6, (37) trd thanh w(y) > 0 véi moi y €
C hay A = (1+4r)z—z)* < 0. Vi vay
X
(1+3r)z—z) = 0 hay z ooy Swra

K, (x) = 47::1 v6i moi z € C. Theo B3 dé
17, ta ¢c6 F(K,) = FEP(f) = {0}. Bay
gid xét anh xa 1" : ¢ — (C xac dinh trong
Vi du 13. Ta ciing ¢6 F(T) = {—1;0}. Khi d6,

F=F{T)NnEP(f)=1{0}.
By gig, ching t6i mo6 ta day ldp trong Pinh 1i
n+1 1

n
20. Chon ay, = ey Y = ay, =

. S 2n 43 2’
rn =1 v6i moi n € N*. Khi do, day {z,} trong
Pinh 1 20 xdc dinh bdi

CC()GE, C(12617 X1 :Pcle)

xn
I T D@+ )
T n+1 (n+2)x,
s T T 3" T 20+ 3)(2 + an)

Cni1=1{2€Cy : |w, — 2| < |y — 2|},

Tn+1 = Pcn+11‘0.

Nhu véy, theo Pinh 1i 20, ta suy ra {z,} hdi tu
dén Ppxo = 0.
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IV. KET LUAN

Nghién ctu da dua ra mét day lap lai ghép
méi dé tim diém chung cla tip nghiém bai todn
can bang va tap diém bit dong cla anh xa thda
man diéu kién (¢-E,,), thiét 1ap dugec mot dinh
1i vé su hdi tu ctia ddy lip nay trong khong gian
Banach tron déu va 16i déu. Tir dinh 1i nay, ching
t6i nhan dudc mot hé qua vé su hdi tu cia day lip
cho bai todn cin bing va anh xa thda man diéu
kién (E,) trong khong gian Hilbert thuc. Dong
thdi, mot vi du dugc dua ra d€ minh hoa cho su
hoi tu day lip cho bai todn cin bang va bai todn
tim di€ém bt dong ctia 4nh xa thda man diéu kién
GE).

Luu y rang ¢ moi buée 1ap ctua day lap trong
Dinh 1i 18, chiing ta phai tinh toan tim C,41 v6i
do phuc tap cao. Tuy nhién, v6i C),4; trong Dinh
1i 18, viéc chitng minh sy hoi tu don gian, nhit
la 6 Bude 5. Ddi véi day lip trong nghién ciu
nay, viéc tinh toan C), 1 don gian hon va ki thuit
chitng minh sy hoi tu trong Pinh 1i 20 doi hoi su
khéo 1éo hon. Hon nita, véi viéc xét E la khong
gian Hilbert, ching ta nhin dugc dang day lap
trong [4, Theorem 3.1]. Do d6, cic két qui ctia
nghién ctiu nay 12 md rong cic két qua chinh
trong Alizadeh et al. [4] va cai tién cic két qua
chinh trong Truong Cam Tién va cong su [5].
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